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 4 

Uniform Recurrence Equations [Karp et al. 1970] 

Polyhedral Model [1980-] 

Many: Feautrier, Darte, Vivien, Wilde, Rajopadhye, etc,.... 

Many: Lamport, Allen/Kennedy,  

Banerjee, Irigoin, Wolfe/Lam, Pugh, Pingali, etc. 

Vectorization, SMP, locality optimizations 

Dependence summary: direction/distance vectors 

New scheduling techniques based  

on polyhedral representations (Bondhugula) 

Unimodular transformations 

Exact dependence analysis: Feautrier 

Loop synthesis via polyhedral scanning: Quillere, Bastoul 

Loop Transformations and Parallelization [1970-] 

Mostly linear-algebraic 

General affine transformations 

Systolic Array Mapping: Rajopadhye 
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n = f(); 

for (i=5; i<= n; i+=2) { 

  A[i][i] = A[i][i]/B[i]; 

  for (j=0; j<=i; j++) { 

    if (j<=10) { 

      … A[i+2j+n][i+3]… 

  } 

} 
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Polyhedral Mapper 

Raising Lowering 

Scalar Representation 
EDG C 

Front End 

Pretty 

Printer 

Machine  
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Jolylib, … 

GDG representation 

Tactics Module 

Parallelization 

Locality 

Optimization 

Tiling Placement 
Comm. 

Generation 

Memory 

Promotion 
Sync 

Generation 

Layout 

Optimization 
Polyhedral 

Scanning 
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Jolylib, … 

GDG representation 

Tactics Module 

Parallelization 

Locality 

Optimization 

Tiling Placement 
Comm. 

Generation 

Memory 

Promotion 
Sync 

Generation 

Layout 

Optimization 
Polyhedral 

Scanning 

… 

Optimization modules engineered to expose “knobs” that could be used by auto-tuner 



 

for(i=0; i<N; i++) 

  for(j=0; j<N; j++) 

    S(i,j); 

for(j=0; j<N; j++) 

  for(i=0; i<N; i++) 

    S(i,j); 

for(i=N-1; i>=0; i--) 

  for(j=0; j<N; j++) 

    S(j,i); 

for(i=0; i<N; i++) 

  for(j=α*i; j<N+α*i; j++) 

    S(i,j-α*i); 

ú
û

ù
ê
ë

é
ú
û

ù
ê
ë

é
=

j

i
ji

01

10
),(q

ú
û

ù
ê
ë

é
ú
û

ù
ê
ë

é-
=

j

i
ji

10

01
),(q

ú
û

ù
ê
ë

é
ú
û

ù
ê
ë

é
=

j

i
ji

1

01
),(

a
q

for(i=0; i<α*N; i+=α) 

  for(j=0; j<N; j++) 

    S(i/α,j); 
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permutation 

reversal 

skewing 

scaling 

unimodular 



 

for(i=0; i<N; i++) 

  for(j=0; j<N; j++) 

    S1(i,j); 

  for(j=0; j<N; j++) 

    S2(i,j) 

for(i=0; i<N; i++) 

  for(j=0; j<N; j++) 

    S1(i,j); 

    S2(i,j) 

fusion 

distribution 
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iteration space of a statement S(i,j) 

22: ZZ ®q

Schedule θ maps iterations to multi-dimensional time  

Loop transformations/synthesis mean generating code to execution iterations  

of a loop in the lexicographical order of time  

A feasible schedule must preserve dependencies 
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/* Optimization with BLAS */ 

for loop { 

   … 

   BLAS call 1 

   …  

BLAS call 2 

   … 

   … 

   BLAS call n 

   … 

} 

/* Global Optimization*/ 

doall loop  { 

   … 

   for loop { 

      … 

      [read from Z] 

      … 

      [write to Z] 

      … 

      [read from Z] 

   }  

   … 

} 

→ 



 

/*  

  * Original code:  

  *   Simplified CSLC-LMS  

  */ 

for (k=0; k<400; k++) { 

  for (i=0; i<3997; i++) { 

    z[i]=0;  

    for (j=0; j<4000; j++) 

      z[i]= z[i]+B[i][j]*x[k][j]; 

  } 

  for (i=0; i<3997; i++) 

    w[i]=w[i]+z[i];  

} 

 

doall (i=0; i<400; i++) 

  doall (j=0; j<3997; j++) 

    z_e[j][i]=0 

doall (i=0; i<400; i++) 

  doall (j=0; j<3997; j++) 

for (k=0; k<4000; k++)

      z_e[j][i]=z_e[j][i]+B[j][k]*x[i][k]; 

doall (i=0; i<3997; i++) 

  for (j=0; j<400; j++) 

    w[i]=w[i]+z_e[i][j]; 

doall (i=0; i<3997; i++) 

  z[i] = z_e[i][399];   

  

→ 



 

 

doall (i=0; i<3997; i++) 

  for (j=0; j<400; j++) { 

    z[i]=0; 

    for (k=0; k<4000; k++) 

      z[i]=z[i]+B[i][k]*x[j][k]; 

    w[i]=w[i]+z[i]; 

  } 

  

  

→ 

/*  

  * Original code:  

  *   Simplified CSLC-LMS  

  */ 

for (k=0; k<400; k++) { 

  for (i=0; i<3997; i++) { 

    z[i]=0;  

    for (j=0; j<4000; j++) 

      z[i]= z[i]+B[i][j]*x[k][j]; 

  } 

  for (i=0; i<3997; i++) 

    w[i]=w[i]+z[i];  

} 



 

 

doall (i=0; i<3997; i++) { 

  doall (j=0; j<400; j++) { 

    z_e[i][j]=0; 

    for (k=0; k<4000; k++) 

      z_e[i][j]=z_e[i][j]+B[i][k]*x[j][k]; 

}

  for (j=0; j<400; j++) 

    w[i]=w[i]+z_e[i][j]; 

} 

doall (i=0; i<3997; i++) 

  z[i]=z_e[i][399]; 

  

→ 

/*  

  * Original code:  

  *   Simplified CSLC-LMS  

  */ 

for (k=0; k<400; k++) { 

  for (i=0; i<3997; i++) { 

    z[i]=0;  

    for (j=0; j<4000; j++) 

      z[i]= z[i]+B[i][j]*x[k][j]; 

  } 

  for (i=0; i<3997; i++) 

    w[i]=w[i]+z[i];  
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benefits of improved locality benefits of parallel execution 

New algorithm balances contiguity to  

enhance coalescing for GPU and SIMDization 

Hypothesis that auto-tuning should adjust these  

parameters  
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→ (j, -i+k, i) 

no contiguous solution in the positive quadrant 



 

→ (i+j+k, j, k)
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